FISA CU SUGESTII PENTRU REZOLVAREA COMPLETA A EXERCITIILOR

Clasa a XI-a _Algebra Prof. Mestecan Cornelia
Matematica (M_tehnologic, M_mate-info, M_st nat, M_pedagogic)

Exercitiul 1/sub. II/varianta 9/ M_mate-info/2025

a 1 2a ax+y+2az=a+1
1. Se considera matricea A(a) =la 1 0 | sisistemul de ecuatii <ax+y=0 ,unde a
I 1 —a x+y—az=-1

este numar real.
a) Aratati ca det(A(2)) =4,
b) Pentru a =1, aratati ca sistemul de ecuatii are o infinitate de solutii.

c) Determinati numarul real a, pentru care sistemul are solutia unica (xo, yo,zo) si

Xy =a.
Rezolvare:
21 4
det(4(2))=]2 1 0]|=(2-1-(-2)+2:1-4+1-1-0)=(4-1-1+0-1-2+(-2)-1-2)
& 11 =2
= det(A(2))=(-4+8+0)—(4+0-4)=4-0=4,(4)
11 2
b. A(1)=[1 1 0 :>det(A(1)):O pentru ci matricea are doud coloane identice
11 -1
1 2
‘ 0‘=0—2=—2¢0:mngA(1):2
11 22
Matricea extinsd este A(1)=|1 1 0 0 |, observim
1 1 —-1-1
1 2 2
1 2 _ —
‘1 0‘20—2:—27&0511 0 0/=0 = rang (1):2
I 0 0

Prin urmare rangA(l) = rang (1) =2 <3, sistemul are 3 necunoscute, deci sistemul este

compatibil nedeterminat ( are o infinitate de solutii).

a 1 2a
det(4(a))=la 1 0|=(-a"+2a"+0)—(2a+0-a’)
“ 11 —a

det(A(a)) =2a*-2a
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det(A(a))=2a"—2a#0 pentru a e R—{0,1} sistemul are soluia unici (x,, ¥,.,z,) si x, =a

X,=a= _
‘ det(A(a))

a+l 1 2a
d,=| 0 1 0|=(-a’-a+0+0)—(-2a+0+0)=—a’+a
-1 1 -a

dx, _ —a’+a
det(A(a)) 24°-2a
% (¢~T) 1
:W:a:_EER_{O’I}

Exercitiul 1/sub. Il /varianta 1/ M_mate-info/2025

=X, =a=

=a

2-3x 0 X
1. Se considera matricea A(x) = 0 2 0 |, unde x este numar real.
-9x 0 2+3x

a. Aritaici det(4(1))=8.
b. Aridtaticd A(x)-A(y)=24(x+y), pentru orice numere reale xsiy .

c. Determinati numerele reale x pentru care (A(x) + A(3x)) -A(2x)= 4A(x2) :

Rezolvare:
2-3-1 0 1 -1 0 1
A(l): 0 2 0 = A(l): 0 2 0
-9.1 0 2+3-1 -9 0 5

-1 0 1
a. det(4(1))=|0 2 0/=(-10+0+0)—(-18+0+0)
-9 0 5

= det(4(1))=-10+18=8,(4)
A(x)-A(y):2A(x+y)

2-3x 0 X 2-3y 0 b% 2—3(x+y) 0 (x+y)
0 2 0O |1 O 2 0 |=2 0 2 0
-9x 0 2+3x -9y 0 2+3y —9(x+y) 0 2+3(x+y)
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(2—3x)(2—3y)+0—9xy 0+0+0 (2—3x)y+0+x(2+3y) 2-3x-3y 0 x+y
= 0+0+0 0+4+0 0+0+0 =2 0 2 0
—9x(2—3y)+0+(2+3x)(—9y) 0+0+0 —9xy+0+(2+3x)(2+3y) -9x-9y 0 243x+3y
4—6x— 6y+/79«§ 0  2y=34 +2x+ 35 4—6x—6y 0 2x+2y
= 4 0 0 4 0

—18x% 18y 275y 4 %+4+6x+6y% ~18x—18y 0 4+6x+6y

4—-6x—-6y 0 2y+2x 4—-6x—-6y 0 2x+2y
= 0 4 0 = 0 4 0 ,(A)
—18x—-18y 4 4+6x+6y —18x—-18y 0 4+6x+6y

c. x=7? al (4(x)+4(3x)) 4(2x)=44(x")
Conform b. avem A(x)-A(y)=2A4(x+y)
A(x)'A(Zx) =2A(3x)
A(3x)A(2x)=24(5x)
4-24x 0 8x
(A(x)+4(3x))-4(2x)=2(A4(3x)+ A(5x))=2| 0 4 0
-72x 0 4+24x

2-12x O 4x
4 0 2 0 = 4A(4x)
-36x 0 4+24x

= (A(x)+A(3x))- A(2x) =44(x") = 44(4x) = 44(x ) 4= A(4x) = 4(x*)
> =d4x < x*—4x=0
=x,=0,x,=4

Pag 3 din 12



FISA CU SUGESTII PENTRU REZOLVAREA COMPLETA A EXERCITIILOR

Clasa a XI-a _Algebra Prof. Mestecan Cornelia
Matematica (M_tehnologic, M_mate-info, M_st nat, M_pedagogic)

Exercitiul 1/sub. II/varianta 3/ M_st-nat/2025

2+2x X

—X 2-2x

1 0
1. Se considera matricele /7, = (O J si A(x) :( j, unde x este numar real.

a. Aritatica det(A(l))
b. Ardtaticd 4(2)- A(1)+3A( —2)=161,.

o ‘1A . 1 .
c. Determinati numarul intreg nenul m pentru care matricea B(m)=— A(-m) este inversa
m

matricei 4(m).

A(1)=[2+j'1 2_12.1JZ>A(1)=(_41 (1)J

4(2)= [232 . 22]:/1(2) (_ _22]

a8, 23 L SoHE )

4(-2)= (2”2( ) 2—2-(—2)}3/1( 2){_22 _62j

A(2).A(1)+3A(—2)=tz _62j+3£_22 ?j{i _62J+(_66 ;8:(106 1%):16[(1) (1))
= A(2)-A(1)+34(-2)=161,,(4)

e 8(m)=Lagom= L[ )

B(m) este inversa matricei 4(m) Inseamnd ci

2-2m  -m | 1 4—4m* +m? —2m—2m* +2m+2m’
2m+2m* +2m—2m?> m? +4—4m?
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1(4-3m’ 0 4-3m’
R O AR

1,

m m

1(2-2m —m 2+2m m 1 4—4m* +m’ 2m+2m* —=2m—2m*
B(m)'A(m):_ N _ - 2 2 2 2
m m 2+42m m 2-2m m\2m+2m”- -2m—-2m m - +4—4m
:B(m)-A(m)—l 4-3m* 0 _4—3m2.]
m 0 4-3m* m 2
a2
A(m)-B(m)=B(m)-A(m)=1, > 2" 1,
Dar 5
A 43w —m— 3 —m+4=0
m
a=-3b=—l,c=4 ml:"“‘/gz +7 __8__4.4
2a 2~(—3) 6 3
A=b*—4ac \/7
) _=b—-NA 1-7 6
A:(—l) —4-(—3)-4:1+48:49 m, = 2 _2-(—3)_8_162

Exercitiul 1/sub. II/varianta 3/ M_tehnologic/2024

1

o 1 0) 2x+1
1. Se considerd matricele 7, = 0 1 si A(x)= |
X

j , unde x este numar real.
a. Aritati cd det(A(l)) =2.

b. Ardtaticd A(1)+4(5)=24(3).

c. Detrrminati matricea X € M, (R) pentru care X -4(1)=A4(3).

0L e )

R: a. det(A(l)):E 1‘:3.1_1.1:23(14)
A(s):(““ 1}2(11 1) A(1)+ A(5)=24(3)
1 5) (15

| 3] . 11 1 5 71
2341 1) (7 1

) ) (1 1] (1 SJ {1 3J
eI L
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c.Metoda 1.

sz[j Z]eAQ(R)

wnaveane ) ()

3a+b=7
3a+b a+b B 7 1 . a+b=1
3c+d c+d) |1 3 3c+d=1

c+d=3
3a+b="7 3a+b=7 2a=6 a=3
= = =
a+b=1(-1) " |-a-b=-1"la+b=1 " |b=-2
3c+d =1 3c+d =1 2c=-2 c=-1
= = =
c+d=3}(-1) " |-c-d=-3"|c+d=3 " |d=4
3 2
= X=
-1 4

Metoda 2.

-1 -1

X-A1)=4(3)= X = A(3)-(A(1)) unde (A(l)) este inversa matricei 4 (1)

det(4(1))=2=0
: y 31 < : .
matricea transpusa este A’ (1) = ! 1 calculam matricea adjuncta
All A12

A*(l):(A j unde 4, =(—1)i+j -d,; complementul algebric al elementului a; siunde d, este
21 22

determinantul care se obtine din det(A’) prin eliminarea liniei i si coloanei j si se numeste minorul

elementului a,.
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A,=(-1)"1=-1 Y e A
4, :(—1)2+1 1=-1 =4 (1)_[_1 j ‘
Ay =(-1)"73=3
1
1 1 . 1 (1 -1
(4(1) " det(4(1)) (1):3(—1 3j= _21 32
2
X =4(3)-(4(1))”
1 717,
7 1 3 2
X:(l 3] _21 32 =X= i_i 1.9 :(—1 4}
2 2 2 22

Exercitiul 1/sub. Il /varianta 4/ M_mate-info/2021

1 0 0
1. Se considerd matricea A4(a)= 0 a 0|, unde ae(0,+x).
l+log,a 0 1

a) Aritati ci det(4(1))=1
b) Demonstrafi ca, pentru orice a € (0,+), matricea 4(a) este inversabila.

c¢) Demonstrati ci, pentru orice a €(0,+), det(A(a)Jr(A(a))fl)Z& unde (A(a))_1 este

inversa matricei 4(a).

1 00 1 00
R:a) A(1)=| 0 1 0| 4(l)={0 1 0
1+log,1 0 1 101
0
100
det(A(1))=|0 1 0/=(1+0+0)—(0+0+0)=>det(A(1))=1,(4)
1 0 1
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1 0 0
b) det(4(a))=| 0 a 0/=(a+0+0)—(0+0+0)= det(4(a))=a,Vae(0,+x)
I+log,a 0 1

deci det(A(a)) # 0 ceea ce inseamnd cd matricea A(a) este inversabila.

1 0 0 1 0 l+log,a A, A, A,
A(a)=| 0 a 0|, A'(a)=|0 a 0 , A(a)=|4, 4, A,
1+log,a 0 1 0 0 1 A, A, A,
ala 0 4 10 1+log, a
An:(—1)”.0 l‘za—OZa AZI:(—I)”-O 251=0-0=0
2 0 0 » |1 1+log,a
A,Z:(—l)”-o 1‘:0—0:0 An:(—l)“~0 12 =1-0=1
50 a a1 0
Ay =(=1)"| ) (|070=0 Ay =(=1)"| 0‘:0—0:0
a0 141
4, =(-1)" i c(;gza =0-a(l+log,a)=—a(l+log, a)
1141 ¢ 0
Ay =(-1)" 3g2a=o—0=0 , A’ (a)= 0 10
—a(l+log,a) 0 a
343 1 0
A, =(-1) o a=a—O:a
1 | a 0 0 ! (1) 0
-1 * -1
A = A == 0 1 0|= 0 -0
(400)" = gy 4 (0= (1) = )
—a(l+log,a) 0 a Cl-log,a 0 1
| 0 0 1 (1) 0) (2 01 0
-1
A A =l o0 0 0 — 0|=|0 a+— 0
(a)+(4(a)) SO - a+t—
Tlog,a ~l1-log,a 0 1) {0 0 2
2 0 0
. 1 1
dt(A A 1):0 - 0=4( —j
et A(a)+(4(a)) a+- a+-
0o 0 2
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2 1)
a+122 pentru cd a+122@ﬂ20@u20,vae(0,+oo)
a a a a

Rezulté ci det(4(a)+(4(a)) )= 4(a+ij >8,Va e (0,+).

Exercitiul 1/sub. II/varianta 4/ M_st-nat/2021

x+3y 4y

1 0
2. Se considerd matricele 1, = si A(x,y)=
0 1 -2y  x-3y

j, unde x siy sunt numere
reale.

a. Aritatica det(A(l,l)) =0

b. Aritati ci, dacd matricea 4(x,y) este inversabild, atunci |x| #|y|.

c. Determinati perechile (m,7), de numere intregi, pentru care A(m,n)- A(-m,n)=1,.

1+3-1 41 4 4
R:a. A(1,1)= o1 1salFl s

x+3y 4y

b. A(x,y) este inversabila deci det(A(x,y)) 0 = (x2 —9y2)+ 8y? =x>—y>#0

-2y x-3y

(4)

m+3n 4n j(—m+3n 4n j

—2n —-m—3n

=x’ =)y <X =]y

2

On’ —m’ —8n’ 4mn+12n2—4nm—12n2] {nz—m2 0 ] (2
= =\n —

2

m

A(m,n)~A(—m,n)=(

2nm—6n* —2nm+6n° —8n* +9n” —m

Dar A(m,n)~A(—m,n):I2 on’-m’ :1<:>(n—m)(n+m):l

Numerele m si n suntintregi deci perechile posibile sunt (0,1) si (0,—-1).
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Exercitiul 1/sub. II/varianta 2/ M_mate-info/2013

1.

a)
b)

c)

b)

1 1 1
Se considera determinantul D(a,b) =la a* 1/,undea si b sunt numere reale.
b b 1
Aritati cd D(2,3)=2.
Verificati dacd D(a,b)=(a—-1)(b—1)(b—a), pentru orice numere reale asib.
In reperul cartezian xOy se considera punctele P(n, n’ ), unde n este un numar natural

nenul. Determinati numarul natural »n,n >3 , pentru care aria triunghiului PP, este egala

cu 1.
I 1 1
D(2,3):2 2? 1:(4+18+3)—(12+9+2)
3 .3 1
D(2,3)=25-23=2,(4)
1 1 1
D(a,b)za a’ l=(a2+ab2+b)—(a2b+b2+a)
b b 1
D(a,b):a2+ab2+b—a2b—b2—a
D(a,b)z(az—b2)+(b—a)+ab(b—a)
D(a,b):(a—b)(a+b)+(b—a)(1+ab)
D(a,b)=(b-a)(-a—b+1+ab)=(b-a)(a(b-1)-(b-1))

= D(a,b)=(b—a)(b—-1)(a-1),(4)

- aria triunghiului PP,P,, unde F,(1;1), P (2;4),P, (n; n’ ) , este

11 1
A(PIPZP,Z):%'|A| unde A=|2 42 I|=(4+2n" +n)—(4n+n*+2)=n" -3n+2.
n n 1

Arer,) :19%'|A|:1©%|’12_3”+2|:1

neN,n>3=n>-3n+2=2=n"-3n=0
=>n =0,n,=3

n, =0 nu convine, rezulta ca solutia este n, =3
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Sub. III /varianta 1/ M_pedagogic/2025

2 3x

1 0
Se considera matricele 7, = (O J si M (x) :(
x

J , unde x este numar real.

Aratati ca det(M (1)) =1.

Arétati ci M (1)+2M (4)=3M (3).

Determinati numarul real a pentru care M (2)-M (-2)=al, .
Determinai numerele reale x pentru care det(M (x)+M (-2x))=4.

Determinati numerele reale x si y pentru care M (x)-M (=1)+M (y)=12M (-1).

o 1o W N

Demonstrati ca numarul natural N = det(2M (1)+ n]z) este multiplu de 4, pentru orice

numar natural n.

Rezolvare:

1. M(1)=G 32‘1}[? ;) det(M(l)):‘? §‘=2-2—3-1:>det(M(1)):4—3:1,(A)

2. M(l)zﬁ ;] M(4)=(f1 3'24}@ 122] M(3):@ 3;]:@ ij
M

(1)+2M (4)=3M (3)?

9 P P

O N = N =N
[\O R VS)
N—
VR
o M~
~ R
N——
Il

~—~~
O O

[\
SN
N—
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4. M(x)+M (—2X)=(i 32x H_ix —ng:(_“x _ixj

det (M (x)+M (-2x)) = oo

. :16—(—3x)-(—x):16—3x2

det (M (x)+M (-2x))=4<16-3x" =4

=3’ =12x’=4=x,=2eR,x,=2€eR

5, M(—l):[_z1 ;SJ,M(y)=(i 3;]

M (x)-M(-1)+M(y)=12M(-1)

2 3xM2 —3j (2 3y} (2 —3)
. + =12

x 2)(-1 2) \y 2 -1 2

4-3x —6+6x . 2 3y} (24 -36

2x-2 3x+4) \y 2 (-12 24

6—3x —6+6x+3yj_( 24 —36]

2x-24+y -3x+6 -12 24
6-3x=24
~6+6x+3y=-361:3 (-3x=18 x=-6
= =
2x=2+y=-12 2x+y-2=-12 y=2
—3x+6=24
6. N =det(2M (1)+nl,)
2 3 1 0) (4 6) (n 0
2M (1)+nl, =2 +n = +
1 2 0 1) (2 4) 10 n
4+n 6
= 2M (1)+nl, =
2  44n
4+n 6 2
N =det(2M (1)+nl,)= =(4+n) -12

= N=16+8n+n’-12=4+8n+n’
n este numar natural par adica n=2k,k e N

= N=4+8-2k+(2k)" & N =4+16k +4k>
& N=4(1+4k+k*)= Ni4
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