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Clasa a XII-a _Analiza matematica Prof. Mestecan Cornelia
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INTEGRAREA FUNCTIILOR RATIONALE
Recapitulare notiuni teoretice

A . Ax+ B .
Functii rationale simple: ———,,n€N"; ; —.neN",A=b"-4ac<0
(X—Cl) (ax +bx+c)

Integrarea functiilor rationale simple:

1_‘[ ! dx=ln‘x—a‘+C
xX—a

1 5 1
Exemple: jmdx_ Injx+3|+C; jgdx_sjmdx_51n|x—3|+c
Exercitii propuse:

(I (I 2 9
1) Imdx,2) dex,S) j;dx,@ jx_

—n+l1

| n xX—a 1 1

2. I—dx:_[(x—a) dx:QJrC:_ . )
(x—a)" -n+1 n—1 (x—a)"

) 5 (x_l)—2+1 1

Exemple: j - 2a’)c:J.(x—l) dx:—_2+1 +C:—;+C
=5+1

.f ! 5dx:7j‘(x+3)5a’x=7&+C:—z-;4+C
(x+3) -5+1 4 (x+3)

Exercitii propuse:

1 1 2 9 3
6 dx;8) | ——dx;9 dx; 10 dx
)'[(x+l)3 (x-8)° )'[(x—l)7 )I(x—ll)3 )'[(x+2)9
3.
X+ b
1 1 1 1 1 2a
——dx = =— dx =— t
'[ax2+bx+c ’ I ( bjz I( bjz _A YT A A TS T A
al x+— X+ ——| +——
2a 4a 2a 4a 2a 2a
1 2a 2ax+b 2 2ax+b
=—. arct +C=——arct +C;..unde. A <0
a ~-A N N-A N-A SN N-A

+C
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= x+2ij:t:>u'(x):1

u(x) (
s-a folosit faptul ca daca notam a
u'(x)dx =dt < ldx=dt

si atunci

lj’ bl dx:> I Aarctg tA +C
a — _
( a) \/ 4a’ \da?
Lt arctg + C
a ~/— A —
2a 2a
Exemple:

5 1 1 10
—dx=5 —dsz-—arct +C= arct +
Ix2+x+3 j( 1j2 11 11 & 11 J11 g\/ll

x+5 +—

A=b*-dac=1-12=-11

-A=11
_1
I > / :7J. 12 dx-z 12 -1 Larctg—3+C
3x% —2x+2 ( 2) 20 3( 1) 345 NG
|x—=| +— —— | +5
6 4 3
_ 7 actg3x_1+C
35 35
A=b"—4ac=4-24=-20
-A=20

Exercitii propuse:

1 1 3 4
1) | 5——dx;12) | =——dx; 13) | ———dx; 14) | ————dx
)Ix2+x+1 )Ixz—x+2 )I2x2—3x+2 )-[Sx2+2x+3

1bdx=Aln|x—a|+Bln|x—b|+C

J.(x—a)l(x—b)dx:'[(xfa +xl—gbjdx:A-[xicld)hLBJ.x
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1 A B
s-a folosit descompunerea (x B a)(x b) = _p S pentru a afla A si B

xX—a
folosim metoda coeficientilor nedeterminati (aducem la acelasi numitor si
folosim faptul ca daca doua fractii egale au numitorii egali atunci au si
numaratorii egali):
1 A B
= +
(x—a)(x—b) x—a x-b

A+B=0 A=-B A=-8 1=
& & 1 <
—bA—aB =1 bB—aB =1 B= 1
b-a B =
b—a
Exemplu:
1 1

2 i,
S S Y | R S - —d———d——l 1——1 3|+C
-[(x—l)(x+3) gy '[ x+3 -[ g x+3x n|x | n|x+ |+

1 4 N B
(x—a)(x—b)_x—l x+3

1
{A+B:O {A:—B {A__B 4=y
= = = ] <

< 1=A(x+3)+B(x—1) = 0x+1=x(4+B)+(34-B)

34-B=1 -3B-B=1 B=— 1

Exercitii propuse:
15) | s 18) [——0—ax

_ 3
dr;16) | (—4)(x+1) (+3)(x+7)

.
(x—2)(x—3)

dv; 17) |

-
(x+2)(x—5)

5.
1

1 1 A B lp 4 l¢ B
——dx = dx = — dx =— dx +—
J.atx2+bx+c > J‘a(x—xl)()c—xz) ) aj.(x—lerx—xz] * a'[x—x1 x+aj.x—x2

:éln|x—xl|+§1n|x—x2|+C

a a
—b—\/Z_x _—b+\/Z
s Ny T

A=b2—4a020:>x1=
2a 2a

= ax’ +bx+c:a(x—x1)(x—x2)

<:>1:A(x—b)+B(x—a)<:>Ox+1=x(A+B)+(—bA—

dx

aB)
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Exemplu:
J.z;dx=2j. 1 dx:z ! dx=lj i—l—i dx
6x" —5x+1 1 1 6 1 1 3 1 1
6| x—— || x—— X—— || x——= X—— X——
3 2 3 2 3 2
6x> —5x+1=0
A=25—24=1:>x1=5—_1=i=l;x2=E=£=l:>6x2—5x+1=6 LY (P
12 12 3 12 12 2 3 2
. 1 A B . . .
s-a folosit descompunerea = + si pentru a afla 4 si B folosim metoda

(x—a)(x—b) x—a x-b
coeficientilor nedeterminati:
1 A B

1 1
(x - 1) (x - 1) X—— Xx-— 5 aducem la acelasi numitor si folosim faptul ca daca doua

fractii egale au numitorii egali atunci au si numaratorii egali

1=4 x—l +B x—l <:>1:Ax—£+Bx—§<:>Ox+1:x(A+B)+ 4B
2 3 2 3 2 3
DeCi = = — ——
A+B=0 1;4) li A=-B A——B A6
= = < S S
_4_B_ =1 _B__B E:l B=6 B=6
2 3 2 3 6
Prin urmare :
1 A B 1 -6 ¢ 6
g —1+—1 dx—g —1 I = J. dx+§I 1dx——2j
X—— xX—— X—= x—— X—— xX—= -
3 2 3 2 3 2 3
=2Injx—=[+2Injx——|+C
Exercitii propuse
3
19 dx 20 —dx;21 —dx 22 —dx
)I )I x+3 )I2x2— )J.Sx +6x+1



